An attempt is made, in the context of the integral representations of the four-point dual amplitudes, to lower the critical degree of space-time dimensions on which dual amplitudes are established. The critical dimension and the intercept of the leading Regge trajectory are determined by an invariancy (under a dual operation) of a differential form (including a volume element), which thus plays a role of measure. A derivation is given of a measure a la Nahm which yields the worldly dimensions in such a way that it appears as a natural generalization of that of the Neveu-Schwarz model, hence still suffering from a presence of tachyon. Its relevancy is studied within the simplest case of two off-shell dual amplitudes. Also specified is the modular group associated with the new volume element.
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The volume element points to a new pair of the fermi-type dynamical fields, whose construction has not, however, been tried. § I. Introduction There are two major problems that are long pending in the dual-resonance theory: One being the trouble of the critical dimensionality and the other the presence of tachyons. Last year there was suggested a promising way along which we might get free from the troubles. I just refer to Nahm's work, JJ which hit the above problems from the side of hadron spectra: Nahm succeeded in constructing a partition function of mass spectrum which is truly devoid of tachyons and recovers the worldly four dimensions.
My aim in this paper is to inquire into the proposition from an alternative view-point of constructing a satisfactory dual-amplitude: I consider that a clue also lies in an inspection of the integral representations of four-point amplitudes constructed on a rectangular dual-resonance medium. As far as the present paper is concerned, discussion is given only of those factors of the integrands which are independent of dynamical variables (external momenta, spins, etc.).
We have to remark in advance, however, that our approach cannot dispense with tachyons (hence the intercept a 0 of the leading trajectory is always positive).
That is, what we concentrate in what follows is solely on the problem of the critical dimensions. As will be shown, this is caused because we regard the requirement of duality as a first principle.
We therefore begin § 2 by stating of known (on-shell) four-point models.
how one can consider the duality in terms The non-dynamical factors including the Yolume elements should be irwariant under the duality, thus playing a somewhat similar role of invariant measures. We shall settle, by means of the measures, a general way how to determine Cl'o and lower the number (denoted by o) of the transverse space-time dimensions without using unnecessary mathematical jargons (if there is one exception, it is an extensive use of Jacobi's theta functions).
We describe in § 3 a satisfactory volume element a la Nahm (still suffers from a tachyon) in such a way that it appears as a natural generalization of those of the Veneziano and the Neveu-Schwarz model. We proceed in § 4 to see what influence the alteration of measures has on the off-shell two-point functions: We shall show that the behaviour of the new measure well fits the derivations of the behaviours 1/ x' (for x' small) of the position-space two-point functions and 1/ q 2 (for q' large) of the momentum-space ones. Section 5 admits some mathematical terms by which a classification of volume elements is given. I will devoted §6 to a related description of several partition functions of spectra (including Nahm's) and their interrelations. Section 7 is for concluding remarks and outlook. § 2. Duality and the critical dimensions and Kh[JJ; ;3/l] 1s the dynamical factor depending on the external momenta in addition to /3 and l. The 
We must therefore take account of a deviation due to the regularization by R 1 (r 0 ) and impose that the measure defined by
JJ=l should be invariant (up to a phase). As proved in Appendix A, the deviation is necessarily given by Hereafter we make extensive use of r ("unrotated" propertime scaled by l) though we do not avoid using r0 nor r 00" By the way, the interchange {3<c-'>l is expressed by r~-1/r.
(2·15)
Before proceeding to the case of the Neveu-Schwarz model, let us make two remarks: First, the factor r0 -a, in (2 · 3) remains the same in any, model since it is an analogue of the mass 2 -factor in the Feynman propagators. Second, the factor ll;;"~1 (1-r0 2 ") -612 also constantly appears in any model since any model must contain the orbital component.
Let us now consider It is easy to see that (3 · 2) is also form-preserving (up to the automorphy factor
By the remark 111 § 2 concernmg the orbital factor vve readily have the relation 4a =o/2.
Furthermore by the condition that under -:~r-+4, G(r0)-•-G(r0), we obtain
and hence o=2, which is a long desired value.
Before gmng to discuss the measure d,llv· (r0 ), let us try to pursue a further possibility: As a form-presen·ing G(r0 ) under -:->-1/-: and -:~r-+8 we can put
In this case, 0'0 and IJ should be subjected to 2a 0 =o/2 and ct0 =1/8, whence o= 1/2. This value is, however, already unreal.
We thus return to case (3 · 2), and try to discuss a relevant measure and its mvanance. The situation, however, turns out to be somewhat different from the prevwus cases: In effect we need further a unknown correction factor Downloaded from https://academic.oup.com/ptp/article-abstract/59/2/590/1876795 by guest on 30 December 2018
be invariant under r-> -1/r. On applying (3 ·10) one can see By the condition that G (r0) ·->-G (r0) for r->r +2m, one has a 0 =1/2m.
The case m = 1 gives GNs (r0) with a 0 = 1/2 and m = 2 does Gw (r0) with a 0 = 1/4. In general, we can infer that 2m or 1/a0 in r->r+2m or r->r+ (1/a0) should be a positive integer.
We hereafter mean by G (r0) either Gv (r0), GNs (r0) or GN. (r0). We close this section by presenting for use in the next section the asymptotic behaviours
111 virtue of (2·9), (2·19) and (3·4). while its Fourier transform (momentum-space two-point function) 1s written then we are to obtain the r.h.s. of ( 4 · 2) . This is the same as to say more if we use o=1//S' in (4·1), JF(x-x') assumes the form
we have
Further- (4) (5) (6) which obviously shows JF(.r-x')~1/(x-.r') 2 for tn 2 =0. This 1s symmetrical with ( 4 · 3) for m' = 0. As appears, the fact that the space-time is four-dimensional is crucial. Such a reciprocal symmetry as above also holds between the representations of the dual-resonance amplitudes, 3 ' and in particular it is a self-reciprocity in the 
where a= 24 and a 0 = 1, and the relation between y, y' and q IS given by y-y' = 2rra' q. 10 ) It is evident that ( 4 · 7) corresponds to ( 4 · 3). 
and assume ( log r ) -b R3 (r 0)~1 as r 0~0, while R3 (r 0)~ ---0 as r 0~l .
iT (4 ·13)
We mean by G (r0) in ( 4 ·11) and ( 4 ·12) any one of Gv (r0), GNs (r0) and Gw (r 0 ) (we, however, disregard in (4·11) as well as in (4·12) those kinematical factors which might arise when we take the fermion fields into account).
We first observe the behaviour of S(x) for small x 2 by making G=l//1 go to infinity (vertical-slope limit). It follows then by the use of (3 ·16) that the r.h.s. of ( 4 ·12) becomes canst Saldr =r =-1 (-log r =) _, Hat2);'[ ( -ir)';•r =-a,] 
which, however, is in terms of 1-rl =1/u J dlrllrl' exp[ (1/4rra') (y-y')'lrl + (r.ao/1:-I)J,
I£ we demand that such a reciprocity holding between ( 4 · ~1) and ( 4 · 6) should also hold between (4·14) and (4·17), then we are to impose the condition c=c, Oc Here is given a mathematical background of materials in § § 2 and 3 in terms of the modular group theory, most of which is, however, no more than an introduction to the group associated with G.\·· (r0). The scaled propertime r is here treated as a general \"aria ble in Im r> 0. 
T,) is coset-decomposed as
Tv=T (2) 
(5 ·15)
Decomposition (5 ·14) clearly shows To is generated by T (ToT= To. T 2 = 1). Finally T 0 (2) and ro (2) are conjugate to T,1 such that
6° Before going to discuss the relations among T ( 4), ()) ( 4), I should like to refer to the modular forms: Let T be a modular (sub) group and suppose that A E r acts on a function F (r) such that
Then we call F (r) a modular form on T of weight k and multiplier system v(A) and write F(-r)E{T, -l?,v(A)}.w A most celebrated r;(-r)=exp(rri-r/12)
} (origin of the term "theta group"). Let r be our r.
Then
Note that each of our G (r0) is of negative weight (positive dimension).
7° We are now in a position to make mention of GN. (r0) and its belongings. By definition, it is obvious that GN. (r0) E {@ ( 4), 2a0 , v}. It is, however, conceivable that Gw (r0) also belongs to the class of a larger group than (S) ( 4). We 
Hence we can easily depict a fundamental region as in Fig. 3 . Generators of r N'
are also easily seen from the boundary substitutions of the region to be given by (5° 26)
A verification that r N' is the exact automorphic group of Gw (ro) is contained in Appendix B.
8° A new, but somewhat unexpected fact about GN, (r0) is the presence of two more generators UTU 3 TU: r~(4r+5)1(3r+4) and U 2 TU 4 TU 2 :r~(7r+12) l(4r+7). Out of these, the former plays the same role as T (anti-cyclic) while the latter the role of identity. To see these, let us recall that the periods of the lattices of the medium are given by 2l and 2/3. Then It is further remarked that ANs(r+1)=-[!1J 2(0ir)1J3 (0ir)]-4 belongs to {r(2), 2,1} because of (5·16).
We now proceed to
Let us consider (-ir) 4 "'AN'C(J2Tr) and denote it by AN(r). Then
and this is the partition function originally introduced by Nahm in Ref. As observed in Ref. 16 ), a resemblance between (6 · 2) and (6 · 5) may be inferred:
(6 · 5) is really free from tachyons. Furthermore we can find the following relation which may correspond to (6 · 3)
Proof is also elementarily done. It goes without saying that AN,(r+2
These groups are conjugate to one another. Equation (6 · 8), however, implies that the spectra between the two are mixed up (or shifted) and the spectrum of AN' (r) may not necessarily produce the spectrum of AN(r). § 7. Remarks and outlook
In contrast to the neat relations which lie between GNs (r0) and GN, (r 0 ), the situation of the original Gv(r0) is rather isolated. In fact, Gv(r 0 ) appears exceptional if we regard it as composed of [!1J2(0ir)1J 4(0ir)]-4 (the Neveu-Schwarz type) and [1J3 (0ir)r 4 (once supposed by Green 9 l), both of which belong to {T~} (the product, however, happens to belong to {T(1)}). In view of this one may imagine new G (r0), for instance, as As far as we are concerned with G.Ys (r0 ) or G~-· (r0), the maximal translation rc-+r + 2 or '["lc-+c+ 4 is the most important. We must, however, assert that lower translations may also be of some \'alue when we consider the full integrands because the integrands may be decomposed into several terms: For example, con- We have claimed several resemblances bet ween GNs (r0) and G,v· (r0) (or between A 11 (r) and AN(r) ). It should be recalled, however, that there are found new features around GN. (r0); for example, the need for R, (r0), the existence of redundant generators. Furthermore the fact that the weight of "·11--(r) is odd also sounds queer (in accordance, when we write il.w (r) E {rs., 1, v}, v is not necessarily + 1). This is in contrast with the cases of i:l.v ( r) and ANs ( r), and may cause some difficulties in the analytical structure of the integrand.
